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SMALL SCALE DISTRIBUTION OF ZEROS AND MASS OF 

MODULAR FORMS 

STEPHEN LESTER, KAISA MATOMAKI, AND MAKSYM RADZIWILL 


Abstract. We study the behavior of zeros and mass of holomorphic Hecke cusp 
forms on SL 2 (Z)\H at small scales. In particular, we examine the distribution of 
the zeros within hyperbolic balls whose radii shrink sufficiently slowly as k —> oo. 
We show that the zeros equidistribute within such balls as k —> oo as long as the 
radii shrink at a rate at most a small power of 1/logfc. This relies on a new, 
effective, proof of Rudnick’s theorem on equidistribution of the zeros and on an 
effective version of Quantum Unique Ergodicity for holomorphic forms, which we 
obtain in this paper. 

We also examine the distribution of the zeros near the cusp of SL 2 (Z)\H. Ghosh 
and Sarnak conjectured that almost all the zeros here lie on two vertical geodesics. 
We show that for almost all forms a positive proportion of zeros high in the cusp do 
lie on these geodesics. For all forms, we assume the Generalized Lindelof Hypothesis 
and establish a lower bound on the number of zeros that lie on these geodesics, 
which is significantly stronger than the previous unconditional results. 


1. Introduction 


Let / be a modular form of weight k for SL 2 (Z). A classical result in the theory of 
modular forms states that the number of properly weighted zeros of / in SL 2 (Z)\HI 
equals k/ 12. Inside the fundamental domain T = {z G H : —1/2 < Re(z) < 
1/2, \z\ > 1} the distribution of the zeros of different modular forms of weight k can 
vary drastically. For instance, F.K.C. Rankin and H.P.F. Swinnerton-Dyer [20] have 
proved that all the zeros of the holomorphic Eisenstcin series 


E k (z) 


1 y _!_ 

2 «^i < C2 + ‘U 


that lie inside J- lie on the arc {\z\ = 1}. Moreover, the zeros of E k (z) are uniformly 
distributed on this arc as k —> oo. In contrast, consider powers of the modular 
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k 

discriminant, that is, A(z)i3 with 12| k. This function is a weight k cusp form and 
has one distinct zero at oo with multiplicity kj 12. 

The weight k Hecke cusp forms constitute a natural basis for the space of weight 
k modular forms and the distribution of their zeros differs from the previous two 
examples. Using methods from potential theory, Rudnick [2T] showed that the ze¬ 
ros of Hecke cusp forms equidistribute in the fundamental domain T with respect 
to hyperbolic measure in the limit as the weight tends to infinity. Rudnick’s result 
originally relied on the then unproven Quantum Unique Ergodicity (QUE) conjec¬ 
ture for holomorphic Hecke cusp forms. However this is now a theorem proved by 
Holowinsky and Soundararajan pj and so Rudnick’s result on the equidistribution 
of zeros holds unconditionally. 

It is natural to study what happens beyond equidistribution, and to investigate 
the distribution of zeros and mass of Hecke cusp forms at smaller scales. That is, to 
examine the behavior of the zeros and mass within sets whose hyperbolic area tends 
to zero at a quantitative rate as the weight k —>■ oo. For the zeros, we consider the 
following two different aspects of this problem: 

1) The distribution of zeros of Hecke cusp forms within hyperbolic balls B(zo, r Q C 

T with — > 0 sufficiently slowly as k —> oo. 

2) The distribution of the zeros of Hecke cusp forms in the domain 

J~y = {z G T : Im(z) > Y} Y > y /k log k. 

The second problem also examines the zeros of / at a small scale since the hyperbolic 
area of Ty equals 1/Y and tends to zero as the weight tends to infinity. This problem 
was originally studied by Ghosh and Sarnak [3] who proved that many of the zeros of 
/ that lie inside Ty lie on each of the vertical geodesics Re(^) = —1/2 and Re(z) = 0. 

Additionally, building on the techniques developed by Holowinsky and Soundarara¬ 
jan we prove an effective form of QUE. Our result also applies to the small scale 
setting and we show that the L 2 -mass of a weight k Hecke cusp equidistributes in¬ 
side a rectangle whose hyperbolic area shrinks sufficiently slowly as k —> oo. This 
complements recent work of Young [28]J who studied QUE at even smaller scales un¬ 
der the assumption of the Generalized Lindelof Hypothesis. Notably, Young’s work 
also applies to Hecke-Maass forms whereas the analog of our result for Hecke-Maass 
forms is open. 

1.1. Zeros of Hecke cusp forms in shrinking hyperbolic balls and effective 

QUE. Two immediate difficulties appear when attempting to understand the dis¬ 
tribution of zeros of Hecke cusp forms in shrinking hyperbolic balls: First of all, it is 
not clear if it is possible to adapt Rudnick’s argument since it relies on a compact¬ 
ness argument, which is not effective and does not apply to the small scale setting. 
Secondly, the current results on QUE do not establish a rate of convergence. We 
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remedy the first difficulty by finding a new proof of Rudnick’s theorem, which is 
effective. We address the second difficulty by revisiting the work of Holowinsky and 
Soundararajan and extracting a rate of convergence from their result. This leads to 
the following theorem. 

Theorem 1.1. Let f k be a sequence of Hecke cusp forms of weight k. Also, let 
B(z 0 , r ) C F be the hyperbolic ball centered at z 0 and of radius r, with z 0 fixed and 

r > (log k)~ s i 2+s where 5 = ^ ■ (31/2 — 4\/l5) = 0.001152_ Then as k —>■ oo,we 

have 

= - [f iJ df+o (ryog *r </2+ 0 ■ 

#{Qf e F '■ fk(Qf) =0} 7T J J B (zo,r) V v > 

This result is far from optimal since we expect equidistribution for the zeros of 
Hecke cusp forms nearly all the way down to the Planck scale. That is, the zeros 
of Hecke modular forms should equidistribute with respect to hyperbolic measure 
within hyperbolic balls with area as small as k~ 1+£ . Assuming the Generalized 
Lindelof Hypothesis we can show this happens within hyperbolic balls with area as 
small as k~ l ^ +e . 


Theorem 1.2. Assume the Generalized Lindelof Hypothesis. Let f k be a sequence of 
Hecke cusp forms of weight k. Also, let B(z 0 , r ) C F be the hyperbolic ball centered 
at zo and of radius r, with zo fixed and r > /c _1 / 8 + e . Then as k —>■ oo we have 

#{g/ £ B(zp,r) : f k {e f ) = 0} = 3 ff dxdy / 1/8+£ \ 

#{Qf £ F ■■ fk(6f) = 0} vr JJ BM J ' 

While QUE establishes that the mass of y k \f(z)\ 2 equidistributes as the weight k 
of / grows, our proof of Theorem 2.1 shows that the equidistribution of the zeros 
follows from the much weaker condition: For any fixed £ > 0 and for any fixed 
domain 7 Z, we have 



We were not able to make use of this weaker condition, but remain hopeful that it 
will be useful in later works (see Theorem 2.1 for precise results). 

To understand the mass of / in shrinking sets we obtain the following effective 
version of Quantum Unique Ergodicity in the holomorphic case. 


Theorem 1.3 (Effective QUE). Let f be a Hecke cusp form of weight k. Then, 


sup 

TZCTF 


yi/wi 2 ^-- 

n r 


dxdy 


n y 


(log k) 
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with S — } ■ (31/2 — 4\/l5) = 0.001152 ... and where the supremum is taken over all 
the rectangles TZ lying inside the fundamental domain T that have sides parallel to 
the coordinate axes. 


For general domains 7 Z we cannot extract from the argument of Holowinsky and 
Soundararajan a saving exceeding a small power of log A;. However, assuming the 
Generalized Lindelof Hypothesis, Watson [26] and Young [28] have established a 
power saving bound, which is an important ingredient in the proof of Theorem 11.21 
On the unconditional front, it was proven by Luo and Sarnak mm that one can 
obtain comparable results on average, obtaining a power saving bound for most forms 
/. Combining this input with our new proof of Rudnick’s theorem gives the following 
variant of Theorem o 


Theorem 1.4. Let TL k be a Hecke basis for the set of weight k cusp forms. Let 6 > 0. 
Then, for all but at most k 20 l 2l+i5 forms f G TLk, we have for r > k s ^ 2 


#{g/ € B(zp,r) : h{gf) = °) 
#{£/ g T : fk{ef) = 0} 


^ J J B(zq, r) V 


Lfl + o(rk-^\o e k 


1.2. Zeros of Hecke cusp forms in shrinking Siegel domains. We also consider 
the distribution of the zeros of Hecke cusp forms within the set Ty — {z G T : 
Im(z) > Y} with Y > \/k log k. The hyperbolic area of Ty equals y, and Ghosh and 
Sarnak [3] proved for a weight k Hecke cusp form, f k , that y -C #{^/ G Ty} -C y- 
They also observed that equidistribution should not happen here and conjectured 
that almost all the zeros of f k in Ty lie on the vertical geodesics Re(^) = —1/2 and 
Re(z) = 0 with one half lying on each line. 

In support of their conjecture Ghosh and Sarnak showed that many of the zeros 
of f k in dFy lie on segments of the vertical lines Re(z) = 0 and Re(z) = —1/2. They 
proved that 

(1.1) #{£/ G Ty : Re(£>/) = 0 or Re(^>/) = —1/2} » (k/Y) 2~4o~ e . 

The term 1/40 in their result was subsequently removed in [16] by the second named 
author. 

In support of Ghosh and Sarnak’s conjecture, we establish the following result. 


Theorem 1.5. Let e > 0 be fixed. There exists a subset S k C Ti k , containing more 
than (1 — e)\TL k \ elements, and such that every f G S k we have 

#{£>/ G Ty : Re(^/) = 0} > c(e) • jf{g f G Ty) 

and 

if{Qf G Ty : Re(^/) = -1/2} > c(e) ■ #{u/ G Ty} 
provided that 5(e)k > Y > k log k and k —> oo. The constants 5(e) and c(e ) depend 
only on e. 
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The proof of Theorem 1 1. 51 relies on a very recent result on multiplicative functions 
by the second and third author m For individual forms / we cannot do as well, 
even on the assumption of the Lindelof or Riemann Hypothesis. The reason is the 
following: In order to produce sign changes of / we look at sign changes of the co¬ 
efficients A f(n). In order to obtain a positive proportion of the zeros on the line we 
need a positive proportion of sign changes between the coefficients of A f(n), in ap¬ 
propriate ranges of n. However we cannot have a positive proportion of sign changes 
if for example, for all primes p < (log k) 2 ~ e , we have A f(p) = 0. Unfortunately even 
on the Riemann Hypothesis we cannot currently rule out this scenario. 

Nonetheless on the Lindelof Hypothesis we can still obtain the following result, 
which is significantly stronger than the previous unconditional result. 

Theorem 1.6. Assume the Generalized Lindelof Hypothesis. Then for any e > 0 

(1-2) #{£/ G Ty : Re(p f ) = 0} » (k/Y) 1 ^ 

and 

(1.3) #{0/ G Ty : Re(pf) = -1/2} » (k/Y) 1 ^, 

provided that \Jk log k <Y< k 1-5 for some 5 > 0. 

The paper is organized as follows: In Section 2 we investigate the results related to 
equidistribution in shrinking sets. In Section 3 we prove the results on zeros high in 
the cusp. Finally in Section 4 we establish the effective version of Quantum Unique 
Ergodicity. 


2. Zeros of cusp forms in shrinking geodesic balls 

Let 0 be a smooth function that is compactly supported within T. Also, let D r (z) 
be the disk of radius r centered at z. Given a cusp form /, and a compact subset 
n C T, define, 

M/(K ): =// R /I/W |2 ^. 

Here the form / is assumed to be normalized so that /J-f(T) = 1. Also, let A = 
— y 2 (yjfpz + \ denote the hyperbolic Laplacian. The main component of the proofs 
of Theorems 11.1111.21 and 11.41 is the following: 

Theorem 2.1. Let f be a Hecke cusp form, and, TZ C {z e T : Im(^) < B} where 
B > 1. Also, let h(k) > and 0 be a smooth compactly supported function in TZ 
such that A0 <C h(k)~ A for some A > 0. Suppose for every z$ G TZ and k > K(B ) 
there exists a point z± = x± + iy\ e Dh(k)(zo) satisfying 

(2.1) yf|/( Zl )| 2 »e-“W 
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Then, 


( 2 , 2 ) 


e *«>4-§/£' 

Sf J 


^ z )^ + o B {k-h{k) 2 ) 
y 


O a ,b ( k ■ h(k) log l/h(k) // \A(f>(z)\^^- 


By the QUE theorem of Holowinsky and Soundararajan (12.11) holds for hxed, but 
arbitrarily small h(k). This reproduces the main result of Rudnick [2T]. Additionally, 
Theorem 11.31 implies that (12.ip holds for h(k) (log/c) _<5+£ with 1 • (31/2 — 4\/l5) = 
0.001152.... Assuming the Generalized Lindelof Hypothesis it follows from an ar¬ 
gument of Young [28] that (12 .1 p holds for h(k) > fc _1 / 4+£ . 0 Adapting some ideas 
from recent unpublished work of Borichev and Sodin to this setting it should be 
possible to give a better estimate for the second error term in (12.21) . In particular, a 
consequence of this would improve the range of r in Theorem 11.11 to r > (log/c) -5 , 
whereas we require r > (log k)~ 5 ^ 2 . 


Proof of Theorems li.il and I 1.2l Let 0i be a smooth function such that <f>\ has com¬ 
pact support within B(z 0 ,r), 4>i{z) = 1 for z G B(z 0 ,r — M _1 ), and A0! M 2 , 

where M tends to infinity with k and will be chosen later. Also suppose that 
r > 2/M. Similarly, let 0 2 be a smooth function such that 02 has compact sup¬ 
port within B(z 0 ,r + M -1 ,), 0 2 (z) = 1 for z G B(z 0 ,r), and A0 2 -C M 2 . We have 
that 

To ~ f f l<M^) _ ' Area n (B(z 0 ,r + M~ l ) \ B(z 0 ,r - M -1 )) 

12 ttJJb y 

•C k ■ r ■ M _1 . 


Also [fj. |A0 J (z)|^|^ <C rM. Next, observe that 

^Mef) < #{2/ e b(zq, r)} < 

Sf Sf 

Thus, Theorem 12.11 implies 

#{Qf e 5(^o, r)} = + 0(rM • k ■ h(k ) log l/h(£0) + 0(fc ■ r • M -1 ). 

12 AreaH(A) 

We take M = h(k)^ 1 ^ 2 , h[k ) = (log/c)“ <5+£ , in the unconditional case, and M = 
h(k)~ 1 / 2 ,h(k) = fc -1 / 4+£ in the conditional case. Using Theorem 11.31 then completes 
the proof. The exponent S is the same exponent as in Theorem 11.31 □ 

1 In Proposition 5.1 of [25] Young establishes the analog of this for Hecke-Maass cusp forms. The 

proof for holomorphic case follows in much the same way. 
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For the proof of Theorem 11.41 we recall the work of Luo and Sarnak pH]- Define 
the probability measure v := (3/ir)dxdy/y 2 and denote by TLk the space of Hecke 
cusp forms for the full modular group SL 2 (Z). Then, Luo and Sarnak (see Corollary 
1.2 in 0) showed that 

(2.3) sup 1^/(5) ~v{B)\ 2 <AT 1/21 

where the supremum is taken over all geodesic balls B C 7. 


Proof of Theorem Lf_. For rq > k 1 / 2 let 

£k(n) ■■= {/ G TLk ■■ 3^0 S.t. B(z 0 ,ri) C 7 and Mz G B(z 0 ,r 1 ), y k \f(z )\ 2 < k~ 2 

Notice that if / G TLk \ £k(r l) then we may apply Theorem 12.11 with h[k) -C r\ 
argue as in the previous proof to get that for r > ydq 

#{s, e BUr)} = L . kK f^ff ) r)) + 0(rk . v^log l/n). 

It remains to bound the size of £/ c (r'i). We apply (12.3(1 to see that 


}• 

and 


r\ ■ su Pz 0 e^M 5 (>o,ffi)) - z/(5(^ 0 ,c))| 2 

/6£(r) 

< sup M 5 ) _ ^( 5 )| 2 < fc20/21 > 

f£H k 

where supremum in the second line is over all hyperbolic balls, B <Z 7. The claim 
follows taking rq = k~ s . □ 


2.1. Proof of Theorem 12.11 Let 0 be a smooth function that is compactly sup¬ 
ported on 7. Our starting point is the following formula of Rudnick (see Lemma 2.1 
of [2T], note that we assume f is supported in 7) 

(2.4) !>/)- T2-ISSMtf + 

To prove Theorem 12.11 we need to bound the second term in the above formula. The 
difficulty here comes in estimating the contribution to the integral over the set where 
/ is exceptionally small. 

We first require two auxiliary lemmas, the first of which is due to Cartan. 

Lemma 2.2 (Theorem 9 of [12]). Given any number H > 0 and complex numbers 
di, a 2 , • • •, a n , there is a system of circles in the complex plane, with the sum of the 
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radii equal to 2 H, such that for each point z lying outside these circles one has the 
inequality 


For zq 7 ^ Qf define 



, f H \ 

| ■ \z - a 2 | ■■ 

■ ■ \z - a n \ > J 


M r (zo ) := max 

\z—z 0 \<r 


f(z) 


f(z o) 


3. 


The next lemma is from Titchmarsh ra (see Lemma a of section 3.9, especially 
formula (3.9.1)). 

Lemma 2.3. Let g(z) be a holomorphic function on | z — zq\ < r, with g(zo) ^ 0. 
Then there is an absolute constant A > 1 such that for \z — zq\ < r/4 


log 


9(z) 


g{z o) 


lo s 

\p-z 0 \<r/2 


z-p 


Zo P 


< A log M r (z 0 ), 


where the summation runs over zeros p of g. 


Let T> be the convex hull of supp f>. Let rp e > 0. We cover T> with N disks of radius 
e centered at the points ay,..., a^. The disks are chosen so that N <C Area (V)/e 2 . 
Dehne 

Ts = {z e JZ : \f(z)y k / 2 \ < e~ Sk } and T SJ = T s f] D e { aj ). 

Let rij = if{pf : Qf G Di 6e (aj)} and set 

s v j = {z e D e ( aj ) ■. jj \z-Q f \<(^-yy 

e f eD 8 e(aj) 

By Cartan’s lemma the area of S v j is < Anrfe 2 . 

Lemma 2.4. Suppose that e > log k/k and f(z 0 )y^ 2 e~ £ ' k . Then there exists a 

constant C > 1 such that 

M 16 £ (z 0 ) « e Ce k . 

Proof. There is a point z max = x max + iy max such that 


max 

z&D 16e {z 0 ) 

Hz) 


f (^max) 

CN 

O 

i 

2/max,/ (*max) 

f(zo) 


f(zo) 

u ; 

x ymax 7 

Vo /2 f{zo) 


By Proposition A.l of Rudnick PH we have \ymxx.f(z max )\ k 1 ^ 2 . (Note that Xia 
|27j has recently improved this bound to <C k~ 1 / 4+e , but we do not need that here.) 
Also, y^ 2 f(zo) 3 > e~ £k and 

(jh-Y' 2 < t y-2 w < e c* 

Wmax' Wo ~ 16 £/ 
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Combining these bounds we see that 

M 16 e (z 0 ) < k l ' 2 e £ ' k ■ e Cek < e c ' £k . 


□ 


Lemma 2.5. Suppose e > log k/k and that for all zo E T there exists a point 
Zi — X\ + iyi E D b (zq) such that y k \f(zi)\ 2 e~ £k . Then there is an absolute 
constant | > Co > 0 such that for 5 > 1 /cq ■ £ we have whenever q > exp(— cq 5/e) 
that 

•8,3 C S v j 

for each j — 1,..., N. 

Proof. By assumption, for each j = 1,..., N there exists a point Zj E D s (af) such 

-efc„,- fc / 2 Tf ~ a H~ s 


that \f(zj)\^>e ek y 3 . If z E then 


(2.5) 


/(*) 


f( Z 3 


•c 


(y±y 2 e -5k+sk < f p + 2e y/ 2 c -Sk+ek 


< ^-Sk+Sek < e ~8k /4 


By Lemma [2.31 if £ 0 7 ^ £>/ there is a constant A > 1 such that for \z — Zq\ < \r 


log 




f(z 0 ) 


+ log 

Qf£D r / 2 (zo) 


ZO ~ Qf 


Z~ Qf 


< A • log M r (zo). 


Using this with z 0 = Zj along with (12.5ft we get that for z E Tsj 

(2.6) — AlogMse(zj) <—Sk/5 + ^ log Z ~ j ^ 

ef£D 4e (zj) 

For z E D e (af) \ S^j 

(2.7) 


Z-Qf 


!°g 

Qf£D 4 e (zj) 


z i ~ Qf 


z~ Qf 


< n 

QfGD 4 ;£ (zj) 


4 s 4 6 Ac 

1 ——t < n j log — < A! log M 1Se (zj) log —, 
\z-Qf | V V 


for some absolute constant A' > 0 and the last inequality follows from Jensen’s 
formula (we have also used the inequality U QfeD4e ( Zj ) l z ~ Qf I > Ylg^n^) \ z ~ Qf I 
for |z — aj | < e). 

For the sake of contradiction, suppose that 7s,j is not contained in S v j. Then 
combining (12. 6 p and (12.711 it follows that 

5k 

log M 16e (zj) > 5 ( A + A , log4e / v y 

However, by Lemma 12.41 log M^iz-j ) -C ek, so that a contradiction is reached when 
Cq is sufficiently small. □ 
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A simple consequence of the previous lemma gives us a bound on the size of our 
exceptional set %. This is one of the main ingredients in the proof of Theorem 12.11 
Observe that under the hypotheses of the previous lemma 

N N 

(2.8) meas (75 O V) < Y^ meas^j) < 'Y, rneas (S v j) < NA^rfe 2 <C rf. 

3 = 1 3 =i 

We also require the following crude, yet sufficient bound on the second moment of 
log y k/2 \f{z)\. 


Lemma 2.6. We have 


(\og(y k,2 \f(z)\)) 2 dxdy < k' 2 


v 


Proof. Let Co be as in Lemma 12.51 We take e fixed but small, 5 = 1/co • £ and 
G (exp(—c 0 5/e), 1/2). For each j = 1,2,..., N (note that here N = 0(1)) there 
exists Cj G D e (aj ) such that Cj f S rhJ , which by Lemma [231 implies that Cj ^ Ti/ C 0 . e j. 
Thus, f( Cj ) > e - 1 /co-efc(im(c J )) _fe / 2 and Uo^Ds^) I C J ~ Qf I > N/ e ) % - 
Now apply Lemma [2.31 to see that for \z — Cj\ < 2e 

f(z) 


log 


f( C j 


Y lo § 

ef&Die(cj) 


z ~Qf 


Qf 


+ 0(log Mse(Cj)). 


Apply Lemma [2.41 and our earlier observations to see that for \z — Cj\ < 2e we have 

log l/(^)| = Y log\z-Qf\+0(k). 

Qf£D4, e (cj) 

This implies that 


(log \f( z )\) 2 dz <C rij Y 


J \z~ a j\<z Qf&D ie { Cj ) j \ z ~ c j\< 2£ 

Summing over all the disks we see that 


(log | z — Qf\) 2 dz + k 2 -C k 2 


I (log(a l/2 |/(*)| / (log yfdz+ f (log \f(z)\) 2 dz -C k 2 . 

v y Jv Jv 


□ 


We are now prepared to prove Theorem 12.11 
Proof of Theorem Id. 11 By (12.411 it suffices to show that 


7 ^ IJ^og(y k/2 \f{z)\)Af{z)^^ 


•C k-h(k) log 1 /h{k)- 


T 
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Note that for 8 > log k/k 

log(/V 2 | /( ,)|) A ^)^ 


T\T S 


•C kS 


|A0(^)| 


T 


dx dy 
V 2 


Next, note that 


f ^g{y k, 2 \f{z)\)A(t){z)^^- 

t s y 2 


< 


,dx 


dy) 1 ' 2 . 


\ A Hz)\ 2 , 

t s y 2 ) 


X 


(iog(a‘ /2 l/( 2 )l))' 2 —-?) 


it y 

Recall our assumption (12.11) . which states that for every Zo G T there exists a point 
z\ G D h (k){zo) with y\\f{z\)\ 3> e~ kh<yk \ Hence, formula (12.81) implies that, for 
e > h(k ) and rj > exp(— cq8/e), 




2 dx dy , n \ — 2 


< h{k)- 


T S 


i^y^ v 2 h ( k )- 2A . 

T 5 nv V 


Therefore, collecting estimates and applying Lemma 12.61 we have 


7T - I f ^og(y k/2 \f(z)\)A(j)(z)^^-^kS 


2 vr 


T 


T 


\Acp(z)\^-^- + krj ■ h(k) A . 

y 2 


We now take e = h(k ), 5 = ((A + 2)/c 0 ) • elogl/e and y = 2exp(— c 0 8/e). 


□ 


3. Zeros of cusp forms high in the cusp 

To detect zeros of / high in the cusp we use the following special case of a result of 
Ghosh and Sarnak pi Theorem 3.1] that shows that for certain values of Im(z) the 
Hecke cusp form f(z) is essentially determined by one term in its Fourier expansion. 
In this section we normalize / so that the first term in its Fourier expansion equals 
one. 

Lemma 3.1 (Proposition 2.1 of [TBj). There are positive constants C 2 ,c 3 and 8 such 
that, for all integers £ G (c 2 , c^y/k/ log k) and f G TLk 

k -1 

( 7 ) 2 f( x + iye) = \f(£)e(xe) + 0(k~ s ), 

where y e = AA. 

This essentially tells us that on the vertical geodesic Re(z) = 0 a sign change of 
A f(£) yields a zero of /. More precisely, to detect a zero on Re(z) = 0 it suffices to 
find i\ and ^2 in (c 2 , c^y/kj log k ) such that 

A f (t x ) < < k~ e < A/(4) 
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where e > 5. A similar analysis holds on the geodesic Re(z) = — 1 / 2 , but here one 
also needs i\ and £2 to be odd. 


3.1. Proof of Theorem 11.51 We detect sign changes for almost all forms using a 
very recent theorem of the last two authors |T7J Theorem 1 with 5 = (log h)^ 1 ^ 200 ]. 


Lemma 3.2. Let g : N —)■ [—1,1] be a multiplicative function. There exists an 
absolute constant C > 1 such that, for any 2 < h < X, 


\ E ,j(n) 

x<n<x-\-h 


Y E »(n) 

X<n< 2X 


< (log/r )- 1 / 200 


for almost all X < x < 2X with at most CX(logh ) 1 ^ 100 exceptions. 

To beneht from this, we need to control the number of n for which | Ay (rz) | < n~ 5 
and the number of p for which Xf(p) < 0. For this we quote two lemmas. The first 
one is an immediate consequence of [19| Theorem 2], 


Lemma 3.3. Let p be a prime. Then 

#{/ G TL k : |A/(p)| <p~ 5 } 5 , log P 

#TL k log k 1 

where the implied constant is absolute and effectively computable. 


The second lemma is a large sieve inequality for the Fourier coefficients A f(n). The 
version we use is the following special case of a more general theorem HH Theorem 
1] due to Lau and Wu. 


Lemma 3.4. Let v >1 be a fixed integer. 

2 


E 

f&n k 


p<p<Q P 


k 


Then 

1 

PlogP 


+ k 1Q / n 


Q u/5 

(log P ) 2 


uniformly for 


2 | k, 2 < P < Q < 2P. 

Proof of Theorem \1.5[ Let X = k/Y and 5 > 0. Define a multiplicative function 
< 7 : N —> { — 1, 0,1} by 


g(p u ) 


sgn(A f(p u )) if |A f(p u )\ >p 5u and p > 2 
0 otherwise. 


Notice that if g{n) 7 ^ 0, then n is odd, |A/(n)| > n 5 and g[n) = sgn(A/(n)). Hence 
by Lemma [5711 a sign change of g(n) yields a real zero of / and thus the claim follows 
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once we have shown that, for all but at most e ■ of / € ' Hk, we have, for h large 
but fixed and for proportion 9/10 of x ~ A", 


h 


£ IsWI 


x<n<x-\-h 


Y 9{n) 


x<n<x-\-h 


> 1 . 


Lemma 13.21 applied to g(n) and \g(n)\ reduces this to showing that, for all but at 
most e • of / G Kk, we have 


(3.1) 




n^X 


x 




n~X 


> l. 


By Lemma [3.31 


f&H k p<X 

|A/(p)|<p 5 


p<X 


Hence there is an absolute positive constant C such that for given any £ > 0, 
(3.2) 


W i<£ 

p £ 
P<X 1 

g(p )=o 


for all but at most e/2-#Hk forms / G 7f/-. Consequently, with this many exceptions, 

(3.3) j £ | 9 (n)l = b £ 1 » I- 

n^X n^X 

g(n)yO 

On the other hand, since |A/(p)| < 2 for all primes p, for any Q > P > 2, 


1 > (A/(p) 2 - 2A f (p)) = }_ sr' 

< ^ rt f 3 p & ' ^ 


A f(p 2 ) ~ 2A f (p) + 1 


P<p<Q P p<p<Q 

\ f (p)<0 


P<p<Q 


P 


so that 


1 1 
- > - 

p p 8 

P< x logXXp^X 1 / 1000 

A/(p)< 0 A / (p )<0 


£ ^ £ 


£ 

logXXp^X 1 / 1000 


A/(p 2 ) - 2 A f(p) + 1 


P 


l + o(l) 


log log A + 

logXKpKX 1 / 1000 


A f(p 2 ) - 2A f(p) 


p 
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Splitting the last sum into dyadic intervals and then applying Lemma 13.41 we see 
that it contributes o(loglogA") for almost all forms /. Hence, recalling (13. 2 p and the 
definition of g(n ), 

£ i>i±Li>loglogA' 

p 8 

p<X 1 

g(p )=-1 

for all but e/2 ffTLk forms / G Hk- By Halasz’s theorem for real valued functions (see 
for instance 0), this implies 

^ = °( 1 )- 

n<X 

Hence (13.11) follows from this and (13.31) . which completes the proof. □ 


3.2. Proof of Theorem 11.61 Our main proposition for the proof of Theorem 11.61 
shows that the Lindelof hypothesis implies many sign changes of A j(£). For the 
remainder of this section we use the notation x ~ X to mean X < x < 2X. 


Proposition 3.5. Assume the Generalized Lindelof Hypothesis, let e,g > 0 and 
X > k v . Then, for almost all x ~ A", the interval [x,x + X £ ] contains integers mi 
and m 2 such that A/(mi) < — X~ £ and Xf(m 2 ) > X~ £ . 

Observe that the lower bound (11.21) . the first part of Theorem 11.61 immediately 
follows from this for X = k/Y along with Lemma 13.11 We will delay the proof of 
(j 1.3 j) until the end of the section. 

To prove the proposition, we study first and second moments of A/(n) in short 
intervals. 

Lemma 3.6. Assume the Generalized Lindelof Hypothesis. Let e,g > 0, X > LA, 
and 2 < L < X. Then 




A/( 


n 


/X\V 2 

« a "(t) 


for all x ~ X with at most X 1 e exceptions. 


Proof. This follows once we have shown that for any e > 0 


f 

A /( n ) 


x<n<x -\-■£ 


dx -C 


k £ 


X 


(3.4) 


1 

A 


2 
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We follow an argument of Selberg [22] on primes short intervals. Let 5 = log(l + ^) cs 
j. We get by Perron’s formula that for x, x + j <£ 7L 


Y A /( n ) 


'*1/2+200 


2ni 


1 / 2—200 




(.X + |) s — X s ^ 

ds 


=x 1/2 • — 
2tt 


L(\ + it , /) ws(\ + it) ■ e lt ' logx dt, 


where ws(s) = ( e sS — 1 )/s. 

Observe that |w, 5 (s)| <C min(5/2, l/|s|). Thus, making a change of variables and 
applying Plancherel we see that 


1 

X2 


nIX 

lx 

poo 


A /( n ) 

2 

nOO 

dx< 

Jo 

Y A /( n ) 

:r<n<#+-|j 


x<n<o:+^ 


dx 

x 2 


Y A /( n ) 

e r <n<e T + s 
n l/S 

•C k £ ( / d 2 \t\ £ dt + 

'—1/5 


dr 1 
e T An 2 


\L{\ + it, f)\ 2 \ws(\ + it)\ 2 dt 


1 dt] < k^ 1 - 6 < k£ 


\>l/5 


I+- £ 


L 1 - 


Tliis establishes (13.4j) and the claim follows. □ 

Lemma 3.7. Assume the Generalized Lindelof Hypothesis. Let e, ij > 0, X > k v 
and 2 < L < X. Then 


Y l A /( n )l 2 = ^(i.sym 2 /) • f + 0 ( X£ (+) 7 ) 

ir<n<iE+-^ 


/or all x~X with at most X 1 e exceptions. 

Proof. One has 

E AM! = «2 S )-‘i( S , / ® /) = +U( S , sym 2 /). 

n>l ?? j 
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Writing w$(s ) = ( e sS — 1 )/s and arguing as in the proof of Lemma [3.61 before only 
now noting the pole at s = 1 we have that 


1 

W 



Y A/(n) 2 - ^Res s=1 

x<n<x-\-j^ 


C(s)L(», S ym 2 /) 

C(2s) 


dx 


•C 



C(| + it) 
C(1 + 2 it) 


£(|,sym 2 /) 


k e 

\w 6 (\ + it)\ 2 dt -C 


and the claim follows. 


□ 


Proof of Proposition It?. 51 It is shown in [6j that for any e > 0 

L(l, sym 2 /) » k~ e . 

Additionally, we have Dcligne’s bound A f{n) <C n e . Hence, by these facts along with 
Lemmas 13.61 and 13.71 we have for almost all x ~ X that 

V A,(n) » .Y 9 '/ 1 ". 

x<n<x-\-X e 


The claim follows since n with |A/(n)| < X 6 contribute at most 0(1) to the sum. □ 

Proposition 3.8. Assume the Generalized Lindelof Hypothesis. Let epp > 0 and 
X > k v . Then, for almost all x ~ X, the interval [x,x + X £ ] contains odd integers 
mi and m 2 such that A/(mi) < — X~ £ and \f{m 2 ) > X~ £ . 

Proof. The proof goes similarly to the proof of Proposition 13.51 Here we have the 
extra condition (n, 2) = 1 in the sums. To account for this condition first note that, 
for Re(s) > 1, L(s, /) and L(s, sym 2 /) have Euler product representations given in 
terms of a product of local factors at each prime. That is, 

L ( s i f) = II f) and sym2 /) = II sym2 /)■ 

p p 

The argument goes along the same lines as before, except in place of L(s, f ) and 
L(s, sym 2 /) one uses 

L{s, f) ■ ( L 2 (s , /)) _1 and L(s, f) ■ ( L 2 {s , sym 2 f))~ l . 


The contribution from the local factor at p = 2 is bounded. 


□ 
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4. Effective QUE 

For two smooth, bounded functions h, g the Petersson inner product is given by 

(Kg) = Jf^h(z)g(z) d ^~- 

Let F k (z) = y k / 2 f(z) and assume that F k is normalized so that 1111 2 : = {F k , F k ) = 1 . 
In this section we establish QUE with an unconditional, effective error term. Under 
the assumption of the Generalized Lindelof Hypothesis effective error terms have been 
obtained by Watson [26] and Young [28]. For the unconditional result our arguments 
essentially follow those of Holowinsky and Soundararajan [31231 IS], except for one 
modification which we have borrowed from Iwaniec’s course notes on QUE. We have 
also used some ideas of Matt Young [28] and the final optimization uses a trick from 
Iwaniec’s course notes on QUE. 

As in Holowinsky’s and Soundararajan’s [S] proof of QUE, we shall estimate the 
inner product (\F k \ 2 ,cj)) of \F k \ 2 with a smooth function 0 in two ways. In the first 
way, based on Soundararajan’s approach [24] . we use the spectral decomposition of 
0 and bounds for inner products, the most involved case being the inner product 
of \F k \ 2 with Maass forms. Here a formula of Watson [26] for (\F k \ 2 ,u), where u 
is a Maass form, plays a crucial role. In the second way, based on Holowinsky’s 
approach [7], we compute the inner product (\F k \ 2 ,(f)) using a smoothed incomplete 
Eisenstein series and bounds for the shifted convolution problem. Each approach 
alone fails if the Fourier coefficients of F k misbehave in a certain way, but as noticed 
in [Sj, in the two approaches, the misbehavior is of different nature, and one of the 
approaches always works. 

4.1. Soundararajan’s approach. The following treatment of the inner product of 
\F k \ 2 with a cusp form is taken from Iwaniec’s notes on QUE. 

Lemma 4.1. Let Uj be an L 2 -normalized Hecke-Maass cusp form with spectral pa¬ 
rameter tj with \tj\ < k. Then, 

\(\F k \ 2 , Uj )\ < i.,i i/2 - ( iog.rn(i - 

p<k ^ 

where n(p) = A/(p 2 ) + \ ■ (1 — X 2 (p 2 )). 

Proof. By Watson’s formula [26] 

A (|,Uj x / x /) 

A(l, sym 2 tt J )A(l, sym 2 /) 2 


\( Uj F k: F k )\ 2 < 
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The ratio of the Gamma factors is 1 /k, and therefore 


\(ujF k ,F k )\ -C 


|£(^,« J -xsymV)| 1 / ;i -|£(l, Mj -)| 1 / 2 

y/k\L(l, sym 2 /)| • |L(1, sym 2 ^)) 1 / 2 


For the L-functions depending only on Uj we note that the convexity bound gives 
\L(^,iij)\ <C t l / 2+£ , while the work of Hoffstein and Lockhart [6] implies that tj £ <C 
|L(1, sym 2 iij)|. Next we note that Lemma 2 of Holowinsky and Soundararajan [8] 
implies 

|L(l, S ym 2 /)|-‘ « (log log i) 3 ]} (l - 

p<k P 


Therefore, 


(4.1) 


\{ujF k ,F k )\ < (loglog kf 



hk!)).|L(I, UjXs ym 2 /)| 1 / 2 . 


It suffices to bound the remaining L-function L(^,Uj x sym 2 /). The analytic 
conductor € of L(^,Uj x sym 2 /) satisfies x (H \tj \) 4 • \tj\ 2 . Therefore, by the 
approximate functional equation (see for instance Theorem 2.1 of Harcos 0), and 
then Cauchy-Schwarz, 


(4.2) 


\U\,Uj x sym 2 /)| 2 « (E 

n> 1 


\X Uj (n)Xf{n 2 )\ 

yfn 



2 


«£ 

n> 1 


K»| 2 

y/n 




where V is a smooth function satisfying |V(a;)| <Ca min(l,x _A ) for any A > 1. To 
bound the second term in (14.2p we use general bounds for multiplicative functions 
to see 

A/(P 2 ) 2 -!' 


(4.3) 


£ hiAh « £l y log£r n 

n<C 1 / 2 (log €) £ p<£ 1 / 2 ( log(£) e 


i + 


v 


Next we use Deligne’s bound |A/(n)| < d(n), the elementary estimate J2 n <x d 2 (n 2 ) <C 
X(logA") 8 , and partial summation to see that for any A> 1 that 


£ 

n>C 1 / 2 (log (£) £ 


A fin 


2 \ 2 


n 


V (v / c) 




£>/ 4 

(log £) A ’ 


which is bounded above by the right-hand side of (14.31) . 
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Next observe that for X > 2 

.-„ I y\.. i ii. i I 2 

(4.4) 

n> 1 


l^j( ra )l' _ e -n/A _ 


n 


1 

27TZ 


f L{\ + s,Uj®Uj) 
1(2) C(2s + 1) 


• r ( s )x s ds. 


The convexity bound gives 

I L {\ + H,Uj ® «j)| < l^| 1/2+e • (1 + \t\) 1+£ - 

By convexity we also have | L(a + it,Uj <8> Uj)\ -C |t J | 1 ^ 2+£ • (1 + |f|) 1+e uniformly 
in a > In addition, from the works Hoffstein and Lockhart [6] and Li |_T3J we 
have | tj 
equals 

3 / 2 -X 1 / 2 L(1,s ym 2 Uj ) + o(x e • |(/ /2+£ ). 


<C L(l,sym 2 Uj) <C Combining these ingredients it follows that (I4.4jl 
6 


7T 


Using this and partial summation it follows that the first term on the right-hand side 
of (14 .2 jl is <C C 1 / 4 L(1, sym 2 -Uj) + <£ £ |h,j 1//2+E . Thus, applying this bound along with 
flop in flop yields 

|r (|,Uj x sym 2 /)! 1 / 2 

r . 2\2 


< (log(T) £ 


JJ ^ + ^.f(p) -^l/8|^j £ + £ l/16+ £ |^|l/8+ £ y 

p<C 1 / 2 (log C) e 


Using this in (14.11) . doing some minor manipulations in the Euler products, and 
simplifying error terms we have that 

n(p)' 


\{ u jFk, Fk)\ « |tj| 1 / 2+£ (logfc) £ ]^[ y 

p<k 


p 


as claimed. 


□ 


We will also require a bound for the inner products of Maass cusp forms Uj and 
Eisenstein series E(-, | + it) with a smooth function </>. First we require a bound 
for the Eisenstein series E(z, s ) = X) 7 er 00 \rG- m (7 ;2 )) S uniform in both z and s. The 
Eisenstein series has the Fourier expansion (see equation (3.29) of pj) 


(4.5) 


E(z,s) =y s + 6 -^—Jly 1 s + h^.J2T s _i(n) e (n x )K s _i{2n\n\y), 


6(s 


n^O 


where 9(s) = n s T(s)C(2s) and r s _i(n) = X) (t 6=|n|(f) S Using the following uni¬ 
form estimates for the A'-Bessel function due to Balogh [I] (see Corollary 3.2 of 
Ghosh, Reznikov, and Sarnak 0) 

(4.6) K it (u ) < min ((t 2 — u 2 )~ 1 ^e~^ t , 2 e -“, t'U 3 e -f*) 
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along with Stirling’s formula and the bound |</(1 + it) | 1 -C log(|f| + 1) one has 
(4.7) E(z, \ + it) <C y/y(l + |t|). 

For a more complete argument and a better bound see Lemma 2.1 of Young [ 29] , 

Lemma 4.2. Let <j) be a smooth function with support contained within {z : 1/2 < 
Im(z) < C } with C > 1. Also, suppose <f> satisfies A e fi -C ( CM) 2£ for all i > 1. 
Then 

m ( CM) 2A 1 .._ , . . J . l (CM) 2A 

\{uj,<i>) \ <a 1 + | t | 2 u and |(£(-,| + ^)»l <a 1+ 

for all A > 1. 

Proof. The hyperbolic Laplacian is symmetric with respect to the Petersson inner 
product, that is, (A g, h) = (g, Ah). Therefore since Uj is an eigenfunction of A with 
eigenvalue \ + f 2 , we get 

(l + #*<«;, fi) = (A fi) = ( Uj , AV) « (Kl, 1) ■ (CM) 2 / 

Since T 7 has hnite hyperbolic area we can bound the L 1 -norm of Uj by its L 2 -norm, 
which is one. This gives the first claim. For the second claim we proceed similarly 
except now in the last step we use (14.71) . hireling that 

(i + e)‘{E(; i + it), 4) = (E(; i + it), AV) « (CM) 2t (l + 

□ 


We now derive estimates for (\Fk\ 2 ,4>) in two different ways. The first approach, 
below, is obtained using the spectral decomposition, and follows Soundararajan’s 
paper [24], except for the use of Lemma 14.11 


Lemma 4.3. Let (j) be as in Lemma 4-4 7/ / is a Hecke cusp form of weight k then 


{\F t \\4>) =- ■ (1,0} + o((CM) 3 / 2 +*(logfc)' ■ (If ( ! - —) + n 0 

p<k ^ P<k 

+ 0 A ((\ogk )~ A ) 

and where n(p) = A/(p 2 ) + \ ■ (1 — Xf(p 2 ) 2 ). 


A f (p 2 ) + 1 


p 


Proof. Starting with the spectral decomposition we have (see for instance Theorem 
15.5 of [lO]) 

(4.8) 

(\F k \ 2 ,(p) = -■( l,(p) + ^{\Fk\ 2 J u j ){u j ,(p) + [ {\F k \ 2 ,E{-,\+it)){E{-,\+it),(t))dt. 

71 4tt J r 
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By the previous lemma we have 

1(%»I <a j + | t | 2A and \(E(-,z + it),<j>)\ 1 + ^La-i 

for any fixed A > 0. 

Combining Corollary 1 of [24j with Lemma 2 in [8] we have 
(4.9) \(\F k \ 2 ,E(-,± + it))\ <C (1 + |t|) exp ( ~ ^ A/ ^ ~ + ~ )( lo g fc ) £ - 


(Note that here we have used a slightly stronger form of Corollary 1 of (24] . which 
is easily seen to follow from the proof.) Using the above bounds with Lemma 14.11 
it follows that the terms with \tj\ > CM (log k) e and |£| > CM(logfc) £ in (14.81) 
contribute an amount at most 0((log k)~ A ). Recalling Weyl’s law, that is J2\ t .\ <T 1 ~ 
T 2 / 12, which has been established here by Selberg, and applying Lemma 14.11 and 
Bessel’s inequality it follows that the contribution of the remaining cusp forms is 
bounded by 


(4.10) 


E i<inr,%>r 

|U|<CM(l°gfe) £ 


V 2 . ,g\ V 2 




<(C'M) 3 / 2 +e (logA:) e -Jj(l- 


p<k 


n(p ) 
P 


■\\<t>\\ 


The remaining Eisenstein series contribution is bounded by 

1/2 


\F t \ 2 ,E(;±+tt))\ 2 dt 


(4.11) 


\t\<CM(log k) e 


< {CMf/ 2 (\ogk) £ ■ JJ (l 

p<k 


\ + it), 4>}\ 2 dt 
A AP 2 ) + 1 


1/2 


P 


11011 


using (14.9P and Bessel’s inequality. Using (14.10]) and (14.lip in (14. 8 p gives the claim. 

□ 


4.2. Holowinsky’s approach. The next two lemmas combine to give an estimate 
for (\F k \ 2 ,(j)) by using a smoothed incomplete Eisenstein series and bounds for a 
shifted convolution problem. This mirrors the route taken by Holowinsky [7j. 

Lemma 4.4. Let h be a smooth, positive-valued function, such that h^\x) -C M e 
for all integers i > 0 and assume M < log k. Suppose in addition that h is supported 
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in [1/2, C] with C < log k. Let I C [—1/2,1/2] be an interval. Then 

dxdy f .,, ( 1 

I I I *k\z)Vn\y; 

(4.12) 


\F k {z)\ 2 h(y)^- = [\I\ + 0 


(log kf 


(E{z\h)F k ,F k ) 


o( (logfc)‘n l 1 

p<k 


(|A/(P)|-1) S 

P 


where E(z\h ) is the incomplete Eisenstein series given by 

E{z\h) = h{\m{^z)). 

76roc\r 

Proof. Consider the following incomplete Poincare series, 

Ph,m(z) - = E /i(Im( 7 z))e(mRe( 7 z)), 

7eroc\r 


and note Ph,o = E(-\h). Using the standard unfolding method, we get 


(4.13) 




Ft(z)\ 2 h(y)e(mx) 


dx dy 
V 2 


Applying Proposition 2.1 of [14], which follows from expanding \F k \ 2 1 and keeping 
track of the dependencies on m and h one has 


( \F k \ 2 ,P h>m (z )) 


2tt 2 


(4.14) 


(k - 1)L(1, sym 2 /) 


5^A / (r)A / (r + m)h 


k- 1 


r> 1 


47r(r + m/2) 


0 


(\m\ + CM) 


B 


where B is a sufficiently large absolute constant. 

Using Beurling-Selberg polynomials (see for instance Chapter 1 of Montgomery 
[IS]) there exists coefficients aJ H (I) and af H (I) such that \af H (I)\ <C l/l and 

( 4 - 15 ) l J l a ^( J ) e (^) ^ xi(x) < l / l+^cry + a yR( J ) e (^)- 

o^\e\<H o^\e\ <h 
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Combining (14.1 3 [) . (I4.14H . and (j4.15[) it follows that 


J" = (\I\ + o[^)){E(z\h)F k ,F t ) 

A 16 ) +°( (^ 1)1(1, 3 ymV) £ ^ElUF)A/(r + m)|.ft( ^~^ )) 

V ’ K ’ J ^ ' 0^\m\<H r> 1 V 2 > 

+ o(?M±£M1 !), 

To handle the off-diagonal terms in (14.16ft we use a version of Shiu’s bound (as in 
Holowinsky’s work, see Theorem 1.2 of 0)- This gives 
(4.17) 


£ 

o ^\m\<H r> 1 


l A /( r ) A /( r + m )l^ 


k — 1 \ 

4vr(r + f)J 


<C fc(logfc) e (logi/) 2 - J| 

p<k 



2|A/(p)| - 2 
P 


To complete the proof take H = (log A;) 3 and use (14.17jl in (14.161) along with the 
bound 

(log log A:)" 3 exp M^_i) < L(l,sym 2 /) < (log A;) 2 . 
p<k P 

(The lower bound in the above equation is proven in PJ while the upper bound is 
classical.) □ 


In the next lemma we repeat the argument of Holowinsky to evaluate main term in 
(14.12ft . To do this we use the Fourier expansion of the incomplete Eisenstein series, 
which is given by 

E(z\h) = a 0yh (y) + ^ a tih (y)e(£x). 

W>i 

The Fourier coefficients are obtained from those of E(z, s ) (see equation (14.5]) ). Writ¬ 
ing H for the Mellin transform of h and noting E(z\h) = E- J) 2) H(—s)E(z, s ) ds one 
has, by shifting contours, for £ ^ 0 


at,h{y) 



7 T u H(-k-it) 
T(| + it) C(1 + 2 it) 


T it (\£\)K it (2n\£\y) dt. 


Observe that by repeatedly integrating by parts H(—s) \ , for any integer 

A > 1. Applying (14.6ft it follows for any integer A > 1 that 


( 4 . 18 ) 


« V 1,2 d(\l\) min (cM, EE}— ) 
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Additionally, we get by shifting contours that 

1 


(4.19) 


ao,h(y) 


2ni 


^ ( _ S ) + hl_£) s ‘-. Us 


=-H(-l)+0((CM) 2 ^y). 

7r 


Lemma 4.5. Let h be as in the previous lemma. Then 


(E(z\h)F k ,F k ) =- 


7r 


h(y)% + 0UCMf(\ 0 gkY\{(l- 
y ' P <k 


|(|A/(P)|-1) S 

V 


Proof. The proof closely follows the work of Holowinsky [7], whose main analytic 
tool is the smoothed incomplete Eisenstien series 

E Y {z\g)= sO'Mt*)), 

76 r oo \r 


where g is a fixed smooth function that is compactly supported on the positive reals. 
Writing G for the Mellin transform of g and shifting contours it follows that 

(E Y {z\g)E(z\h)F k ,F k )~ [ G(-s)Y s (E{z, s)E(z\h)F k , F k )ds 

27 Tl V( 2 ) 

=Y-G(-l)(E(z\h)F k ,F k ) 

7T 

+ F~ l G(-s)Y s (E(z,s)E(z\h)F k ,F k )ds. 

27T7 J { 1 ) 

We bound the inner product in the last integral by applying (14.7ft to get by unfolding 
(E(z,s)E(z\h)F k ,F k ) = l f h(y)E(z,s)\F k (z)\ 2 ^p- 

J o J- 1/2 v 

«(1 + |s|) [ C f 1/2 h(y)^\F k (z)\ 2 L2l < Vc( 1 + |s|)||F t || 2 

•71/2 7-1/2 

This gives 

(4.20) {E Y (z\g)E(z\h)F k ,F k ) = Y^-G{-l)(E(z\h)F k ,F k ) + O ( 'Wc ) . 

The Hecke cusp form / has a Fourier expansion 

/(*) = J^a/(n)e(nz). 

n> 1 
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Since we have normalized with (/, /) = 1 the eigenvalues A f(n) of the Hecke operators 
are related to the Fourier coefficients a/(n) by the relation 

A/(n)n ( ' fc_ 1 ^ 2 a/(l) = a,f{n) 

with 

la ml 2 - 

1 f[ Jl T(k)L(l, syrn 2 /) ’ 

We now use the unfolding method to get that 
(4.21) 


(E Y (z\g)E(z\h)F k ,F„) = 


dx dy 


poo p 1/2 

/ / g(Yy)E(z\h)\F k (z)\ 2 

'o J- 1/2 r 

2vr 2 (47r^- 1 


rWL(l,sym 2 /) EEtMA f (» + <)W. + ()) 2 


x f°° y k g(Yy)a t , k (y)e- 2 ’^ y - f. 

jo y 


Using Mellin inversion and Stirling’s formula an argument of Luo and Sarnak 
gives 

pOO 


(4.22) 


md (n(n + <))¥■ r y^(Yy)e-^*‘» dy 


I0 


fc- 1 


■s 


Y(k - 1) 
47r(n + |) 


y 


+ 0 


k 1 / 2 ~ e {n + |) / ’ 


(see the proof of Proposition 2.1 of [3] or the argument leading up to formula (20) 
of Holowinsky ED- 

To bound the terms with t ^ 0 in (I4.2ip we first use (j4.18j) and (I4.22p . Then we 
apply Shiu’s bound as in the proof of the previous lemma. Thus, the terms with 
d, 7 ^ 0 are bounded by 


d (\£|)niin l CM, , 


|7j3 fcyl L(l, sym 2 /) ^ ^(n+j) 


(4.23) « 


Vy 


L(l,sym 2 /) 


p<k 


n m 


2|A/(p)|-2 


V 


E mill ( CM 'VWT 


(CM) ! 


<(iogfc) £ • ( cm ) 7 / a y 3/2+£ n ( 1 - 

p<k 


i>i 

„2 


V ’ IFF- 1 ! 473- 


d (|£|) 2 


A/(p 2 ) — 2|A/(p)| + 2 


V 
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It remains to estimate the contribution from the zeroth Fourier coefficient of E(z\h) 
in (14.211) . Assuming Y < log k and using (I4.19P and (I4.22p . the term with £ = 0 in 
the right-hand side of (14.21 p equals 


(4.24) 

2vr 2 


{k - l)L(l,sym 2 /) 


Dvwiv- 1 

n> 1 


r g{yyWk(y)e- l ’ ny % 

Jo y 



(E(z\h),l) + 0 


cm 


2tt 2 

(k ~ l)L(l,sym 2 /) 


J2\ X fH\ 2 9 

ri> 1 


( Y(k- 1) \ 

\ 47m / 


To evaluate the sum on the right-hand side we employ Soundararajan’s [21] weak 
sub-convexity estimate. Let G denote the Mellin transform of g and observe that 
G(s) -C a (1 + |s|) _A f° r any fixed A in any vertical strip —3 < a < Re(s) < b < 0. 
Then 


X)l A /M| 2 '9 


( Y(k - 1) 
V 47rr 


J_ f ( Y(k- l) y 

27 ri 7(2) v 47T / 


L(s,f® f ) 

C(2a) 


G(—s) ds. 


Shifting contours to Re(s) = | we collect a pole at s = 1 with residue 

—1) • 1/(1, sym 2 /). 

47T TT~ 

To bound the integral on the line Re(s) = | we use the estimate 


\L{\ + it, sym 2 f)\ <C 


k^il + ltl) 


(log ky- £ 

due to Soundararajan m (see Example (1.1)). We conclude that 
(4.25) 

6 L ym2 


l A /( 


r)\ ■ 9 


r> 1 


47rr 


47T 


7T* 


W-k \ 

(log k) l ~ £ ) 


Use the estimates (I4.23p . (14.241) . and (14.251) in (14.211) . Next combine the resulting 
formula with (I4.20p . Finally, use the bound L(l,sym 2 /) (logfc) -1 (which follows 
from the work of Hoffstcin and Lockhart i) to get 


(E(z\h)F k ,F k ) =-(E(z\h),l) + 0^ CM)2{l ° gky 

7T 


Vy 


O ( (log kf{CMy/ A s/Y\[ f 1 - 

p<k ^ 


(Mp)\ 


p 
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To complete the proof take 



(|A/(P)|-1) S 

P 


□ 


4.3. Proof of Effective QUE. 


Proof of Theorem \1.3[ Let TZ = {(x,y) : x G I, y G J} C T be a rectangular 
domain and write 7 Z — I x J where / and J are intervals. Let 1Z' = 1Z D {z G 
J- : Im(z) < (logfc)^ 1 }, where 0 < < 1 will be chosen later, and note that 1Z' is 

also a rectangular domain. We now will use a result of Soundararajan which bounds 
the amount of L 2 -mass of y k ^ 2 f(z) high in the cusp. This enables us to restrict to 
rectangular regions of the form 1Z'. From the main result of Soundararajan |23j we 
have that 



|R e (2)|<L 


I m (2)>(log A:) 77 ! 


1 

(log k')^l 2 ~ e ' 


Thus, 


(4.26) 


(\Fk\ 2 ,Xv) -Area H (77) 

7r 


(\F k \ 2 , Xn') -Arean(7^ / ) 

7r 


+ o( 


(log fc)^ 1 / 2 - 


Hence, we may restrict our attention to rectangular domains lying inside {z E T : 
Im(z) < (logfc)^ 1 } at the cost of an error that is 0((log k)~ m/,2+£ ). 

We now consider smooth functions 4>±(y) that majorize or minorize (resp.) the 
characteristic function of the interval J = [c, d], where d<C< (log k) m . Let 4^{y) 
be such that (f>±(y) = 1 for y G J. Moreover, suppose that 0j(|/) is supported in 
Js = [c=Fh, d±5] and satishes (4>^)^(y) <C (1 /8) e for all i > 1. We also pick a 4>f(x) 
with identical properties. Consider ^(x, y) = (j)f(x)4>^{x). Then we easily see that 
A t (f) ± -C (1 /S) 2£ . We also choose 5 = (log k)~ m , with 0 < ?/2 < 1 to be chosen later. 
Applying Lemmas 14.41 and 14.51 twice with h(y) = 4>±(y) we have, 

(4.27) 

<|f*r, xn) =L <1. Xn) +0(S) + 0 ((C/<5) 2 (log*;)' J] (l - hl A /MI ~ 1)2 )) 

77 P<k ^ 
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On the other hand, according to Lemma [4.31 with cp(x,y) = 0 ± (o;, y) 
(4.28) 

m\\xn) =- ■ + 0(S) + 0 A ((\o t k)- A ) 

IT 

+ o((0/5) 3 / 2+£ -(logfc) £ ([](l- 

p<k 


n(p ) 
V 


m 

p<k 


A/(P 2 ) + 1 


P 


First we set 772 = \-r) 1 to balance the error terms in (14.261) . (14. 2 70 . and (j4.28[) that 
do not contain Euler products. To balance the error terms with Euler products it 
remains to optimize 

|(|A/(p)| - l) 2 ^ tt 7i n (p)\ ,nb x f(p 2 ) + 1' 


mm 


no 

p<k 


p 


no 

p<k 


p 


no 

p<k 


p 


For a,b,c> 0 we have 

min(a, b + c) < min(a, b) + min(a, c) <C a a b l ~ a + a^c 1_/3 . 

Therefore it is enough to choose a and (3 so as to minimize separately a a c 1 ~ a and 
b^c 1 -! 3 for a, b, c corresponding to the Euler products above. To shorten notation 
write A = | A/ (p) \. This leads us to finding an 0 < a < 1 which minimizes 

max ( - f(A - l) 2 - (1 - a)(A 2 - 1 - i(A 2 - l) 2 + \)). 

We also need to hnd a 0 < f3 < 1 which will minimize 

( — f (A — l) 2 — (1 — /3) A 2 ). 


max 

0<A<2 


This is minimized by taking /3 = 2 — a/ 2 and under this choice the maximum is less 
than — jF. For the first condition, let us first restrict to a > 1/3. We note that we 
can then restrict to A < 1, because for A > 1 the max is always bounded by — pj. In 
the range 0 < A < 1, we have A(A 2 — l) 2 < A(A — l) 2 . Thus it’s enough to optimize 

max ( - | (A - l) 2 - (1 - «)(A 2 - l) 2 + |)). 

For A < a < 1 this maximum is equal to 

(1 — ct)(13 — 15a) 

4(3-a) ' 

This is smallest when a = 3 — 8/\/l5 and the minimum is then 
—k := -31/2 + 4\/l5 = -0.008066615 .... 
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Thus, the minimum of the error terms in (14. 2 7ft and (14.28ft with Euler products is 
(log k) 2m+2v2 ~ K+£ . Since we chose r) 2 = \ ■ rft, we obtain 

(\F k \ 2 ,Xn) = - • (l,XR) + 0((\ogk)-^ 2+£ ) + 0((\ogk)^- K+e ). 

7r 

So this balances by taking 771 = 2/7 • k and gives an error of 0((log k)~ K ^ 7 ) as 
claimed. □ 
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